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ABSTRACT: The kinetic Ising, neglect-loop-entropy, perfect matching model of the helix—coil transition
in two-chain, coiled coils applied previously to infinite chains has been extended to include chains of moderate
to infinite length. Based on the approximate analytical form for the equilibrium helix probability profiles,
a derivation is presented of an approximate master equation for the time dependence of the conformational
state of the jth residue, expressed as an occupation number, g;(t). Analytic solutions for g;(t) and the mean
occupation number, g(t), are presented. The approximate solution gives the exact initial slope, X, (i.e., the
initial slope obtained from the exact master equation), for the normalized time-dependent helix content, H(t),
vs. time. The validity of the method is checked by comparing the approximate infinite-time overall helix
content consistent with A\, to the exact equilibrium value. Application is made to a homopolymeric analogue
of tropomyosin for varying initial and final states, and an examination of the range of validity of the initial
slope approximation to H(t) is undertaken. Finally, a comparison of the kinetics of the helix—coil transition
in two-chain, coiled coils and analogous single-chain homopolypeptides is made.

I. Introduction

Of late, there has been an increasing interest in the
dynamics of protein folding, and various mechanisms have
been proposed to describe the kinetics of these processes
in globular proteins.? However, the folding process in
globular proteins is extremely complicated, and we
therefore believe it is worthwhile to examine the nature
of the kinetics of the helix—coil transition in a far simpler
system: the a-helical, two-chain, coiled coils. An under-
standing of the kinetics of the helix-coil transition in
two-chain, coiled coils (dimers) not only is interesting in
its own right, but may also provide insight into some as-
pects of the early steps of chain folding in globular pro-
teins.® With this objective in mind, in a recent paper,
hereinafter designated paper 1,* we began the development
of the theory of the kinetics of the helix—coil transition in
a-helical, two-chain, coiled coils and focused explicitly on
the infinite-chain limit. Employing the insight gained from
that study, we develop in what follows the theory appli-
cable to finite chains. ‘

In paper 1, we formulated the simplest kinetic Ising
model® of the two-chain helix—coil transition that contains
what we believe are many, but not all, important aspects
of the physics. In particular, the following assumptions
common to both the equilibrium and kinetic description
of the helix—coil transition are invoked. The theory is
formulated in terms of the “short-range” Zimm-Bragg helix
initiation parameter, o, and propagation parameter, s,
which are assumed to depend only on the type of amino
acid and not on the type or conformation of nearest
neighbors.® “Long-range” interactions between chains are
accounted for by an interhelical interaction parameter 1w°.7
Furthermore, interacting helical segments are assumed to
remain parallel and in-register throughout the course of
the conformational transition; i.e., mismatch is neglected.
The effects of loop entropy are ignored. A more detailed
discussion of the validity of these assumptions can be
found in previous work.47-10

For chains of all lengths, a more realistic model would
recognize that both chains need to be oriented properly
to effect the helix-helix interaction. Thus, at equilibrium,
the first pair of residues in an interacting helical stretch
should have statistical weight ve?s?w, wherein v takes ac-
count of the orientational factor between the two chains.
It is a straightforward matter to incorporate v into the
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equilibrium theory as well as the kinetic Ising, neglect-
loop-entropy model. However, at present the value of v
is unknown and here we take the simplest case and set v
= 1.0.

The following additional assumptions are invoked to
characterize the kinetics. The transition probability, that
is, the probability per unit time that the jth residue jumps
from a helix to a random coil state or vice versa, depends
on the state of the jth residue and residues j + 1; hence,
Schwarz’s kinetic parameters vy and v are both set equal
to 2/(1 + ¢).1112 Furthermore, the equilibrium parameters
a, s, w required in the calculation of the transition prob-
ability are those of the infinite-time, equilibrium final state.
Finally, we assume that the rate of the helix—coil transition
is not diffusion controlled. We would expect this to be
quite reasonable for the helix—coil transition (in which the
initial state comprises only associated dimers) as is probed
in, say, a temperature-jump experiment (the helix content
of two-chain, coiled coils such as tropomyosin decreases
with increasing temperature!®-1%), We would expect this
assumption along with neglect of mismatch to be more
questionable in the case of renaturation, that is, for a
temperature-drop experiment. With the neglect of mis-
match and chain—chain diffusion, we are in essence treating
the helix—coil dynamics of two benignly tethered chains.
We refer the reader to paper 1 for a deeper discussion of
these assumptions.

The foregoing assumptions provide us with a well-de-
fined kinetic Ising model and allow us to follow the method
of Glauber® in formulating a master equation for the time
dependence of the helix content of the jth residue. Let
us define the instantaneous occupation number

u; = +1 if the jth residue is in a helical state
= -1 if the jth residue is in a random coil state

As is typical of many-body problems, there is an infinite
hierarchy of coupled equations for the correlation functions
(in this case coupled first-order differential equations), in
which we need the time dependence of the (n + 1)th-order
correlation function to determine the time dependence of
the nth-order correlation function. In the case of infinite
chains, it is possible to close the hierarchy by replacing
three-site and higher order correlation functions by lower
order correlation functions in the master equations for the
time dependence of the mean occupation number and of
the site-site correlation functions. This approximation is
motivated by the cooperative nature of the transition in
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that nearest-neighbor residues on the same chain and in
different chains will tend to be in the same conformational
state and will also tend to flip simultaneously. A very
similar closure approximation for the autocorrelation
function of the occupation number in single-chain poly-
peptides and DNA type helices has been employed by
Tanaka, Wada, and Suzuki.®

For the case of two-chain, coiled coils of infinite length,
we found (in paper 1) that virtually the entire relaxation
spectrum for both large and relatively small perturbations
from the initial state is well characterized by the slowest
relaxing mode. Physically, the slowest relaxing mode is
a very long wavelength, cooperative mode in which do-
mains of mean length on the order of 1/¢'/2 monomer units
flip on the average in the direction of the final equilibrium
state. We found the rate constant corresponding to this
slowest relaxing mode in dimers to be almost independent
of final-state helix content over an appreciable range (for
the case calculated in paper 1, helix contents in the range
of 8.2-90.5%), and it is well approximated by the rate
constant corresponding to a final state of 50% helix con-
tent. Thus, it reflects the dominant role played by the
cooperativity in the dynamics of the helix—coil transition.
Hence, the rate of the helix—coil transition from a high
initial helix content to a low final helix content or vice
versa may be estimated by probing the kinetics near the
transition midpoint. Moreover, for infinite chains, we
found that the time scale for relatively large perturbations
from the initial state is similar in two-chain, coiled coils
and single chains; but because of the more cooperative
nature of the transition in dimers, the slowest relaxing
mode is a more adequate characterization of the dynamics
over a larger range of final states in dimers than in single
chains. Finally, we concluded that temperature-jump
measurements employing a uniform temperature incre-
ment probe the quasi-equilibrium regime at low and high
temperatures and probe the relatively large perturbation
from equilibrium regime in the vicinity of the transition
midpoint.

In this paper, we shall extend the kinetic Ising, neg-
lect-loop-entropy, perfect matching model to chains of
finite length. In section II, because of the intimate con-
nection of the master equation to the structure of the
equilibrium solution, we begin by constructing an ap-
proximate analytic form for the equilibrium helix proba-
bility profiles. This approgimate analytic form is valid for
chains of moderate to infinite length where the slope of
the helix probability vs. residue number is not too large.
We then derive an approximate master equation for the
occupation number consistent with the approximate ana-
lytic form of the infinite-time, equilibrium helix content.
Moreover, we assume that the site—site correlation func-
tions at time ¢ may be replaced by their infinite-time
values, an approximation that is valid if the initial and final
states are not too far apart or if the coupling constant
reflecting the bias to a helical or random coiled state is not
too large. Furthermore, this approximation is consistent
with the infinite-chain, N = =, limit derived previously in
paper 1. For chains of finite length, analytic expressions
for the time dependence of the mean helix content of the
jth residue and for the overall mean helix content are
derived, as are expressions for the exact initial slope A,.
The initial slope is employed to fix the parameter necessary
in the calculation of the dynamics as well as the infinite-
time, approximate analytic form of the helix content.

In section III, we present numerical results for the time
dependence of the overall helix content in a homo-
polymeric analogue of the prototypical two-chain, coiled-
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coil tropomyosin, for various initial and final states.
Furthermore, a discussion of the validity of the approxi-
mate solution introduced in section II is undertaken, and
the utility of the initial slope characterization of the dy-
namics is examined over a wide range of initial and final
states. Finally, a comparison with the kinetics in an
analogous single-chain homopolypeptide is made. Section
IV summarizes the conclusions of the present paper and
points out directions of future work.

1I. Formulation of the Finite-Chain, Kinetic
Ising, Neglect-Loop-Entropy, Perfect Matching
Model

A. General Considerations. Consider a homo-
polymeric, in-register, two-chain, coiled coil, each chain of
which consists of N — 1 residues, plus two appended
phantom, randomly coiled residues attached to the ends.
Denote the instantaneous occupation number of the jth
residue in chains one and two by u; and u°, respectively.
In all that follows a superscript zero labels the second
chain. Let us define the expectation value of the occu-
pation number of the jth residue in chain one (two) by g,(t)
(g%(t)) wherein the u; (u,°) are to be regarded as stochastic
functions of time. That is

q; = {u;(t)) (II-1)

where () denotes the ensemble average.

Since by hypothesis the two chains are identical, we need
only focus on the correlation functions between residues
in chain one and the cross correlation functions between
residues in chain one and chain two.

In particular, we shall require the expectation values of
site—site correlation functions

ria(t) = (ui(t)ue(t))
ripe(t) = (ui(®Oum(t))

In section II of paper 1, we demonstrated that g;(t)
evolves in time according to eq 1-11-12b as (in the following,
equations in paper 1 are referred to by a prefix 1; e.g.,
1-I11-12b is eq II-12b of paper 1)

(I1-2a)
(I1-2b)

dg; ¥ vé
o = )A -0 - 5lgm g + E‘((I-‘jﬂjouj+1> +

d¢
By

(1)) = B + o (rjeg b Ty y) + Borjp =

Byé
T(rj_ljo + rj+1J0) (II'3a)

dg;/dt = —ay;(t) (I1-3b)

in which time dependence of r;,(t) and r;,(¢) is given in
eq 1-I1-14 and 1-II-15, respectively. In eq II-3a, « sets the
fundamental time scale for the process and has the di-
mensions of time™!; v plays the role of the intrachain co-
operativity parameter and is defined by

y = 11 - (II-4a)
o is the interchain cooperativity parameter
8 = (W% - 1) /(w2 + 1) (I1-4b)
and
B = (w2 -1)/(s(w)¥/2 + 1) (I1-4c)

reflects the bias to helical (3 > 0; s(w®/2 > 1), or random
coil (8 < 0; s(w?%)1/2 < 1) states, i.e., indicates the overall
direction of the process. Observe that with finite chains,
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the residues in dimer are no longer translationally invar-
iant; hence, even if we make the same level of approxi-
mations as in the infinite-chain limit to truncate the in-
finite hierarchy, we have to solve (N ~ 1)(3N/2 - 1) coupled
linear first-order differential equations (N - 1 for the g;;
(N - 1)(N - 2)/2 for the rj;, and (N - 1)? for r;40). For
small chains, this is perhaps a practical approach, but for
chains on the order of 284 residues, it clearly is not. Thus,
we shall have to develop an approximation to eq II-3a that
is numerically more tractable.

B. Approximate Equilibrium Solution. Setting
dg;/dt = 0 in eq II-3a provides us with a relationship
between the various one-site, two-site, and three-site
correlation functions at infinite time (equilibrium). By
analogy to the s = 1 single-chain case, let us assume that
the equilibrium solution to gj(«) is of the form

~(1 + ¢) cosh [(N/2 - j)6]

+
coh(—@) ’
2

wherein ¢ is the infinite-chain limit of the equilibrium helix
content (which can be obtained via Appendix B, paper 1,
eq 1-B-8) and # is a constant to be determined. The form
of eq II-5 is quite plausible. Equation II-5 satisfies the
boundary condition that g, = gy = -1, gives g; — g for
residues in the middle of the chain, and is exact when §
= 0 (i.e., w® = 1) and s equals unity. (See eq 1-1I-19. Note
that ¢ = 0 when w® =1 and s = 1.) If eq II-5 is valid, then
the average value of the occupation number defined by

gj(=) = (11-5)

N-1
g=UON-1" 21 g;() (11-6a)
j=
is given by
-1+ inh (N - 1)6/2
.= (1 + g) sinh [( )/]+q (11-6b)

(N -1) cosh J_\_;f sinh (6/2)

The overall mean helix content of the dimer is related to
g by
fra=1+73/2 (I1-6¢)

Equation II-6b is quite reasonable. In limit that N -1
— o, § — q and becomes independent of §. Moreover since
lg| £ 1, @ — q from below. Because of the randomizing
effect of chain ends, the helix content of an infinite chain
is always greater than that of a finite chain for the same
values of o, s, and w°.

Equation II-6b may be viewed as the defining equation
for 6; that is, the mean occupation number at finite N (see
Appendix, eq A-6) is determined from the exact equilib-
rium theory and one then uses eq II-6b to solve for 6. One
then checks the agreement of the approximate and exact
probability profiles. As demonstrated below, § also enters
in the calculation of the initial slope of the normalized
time-dependent mean occupation number (and helix con-
tent)

(1) - g(=)

g(0) - g(«)
vs. time with g(¢) the mean occupation number at time ¢.
We shall fit 6 to the initial slope and compare values of
the mean helix content calculated via eq II-6b with the
exact helix content (see eq 9 of ref 7).

Let us now examine the conditions under which eq II-6b
is consistent with the exact relation of the g; at infinite
time given in eq II-3a. In the limit of moderate to long
chains the terms r; o, r; j41, and rjs; o are independent of

H(t) (I1-7)
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J; that is, we make approximation I

J° + erJo)
(I1-8a)

where C, is a constant independent of j. By way of il-
lustration and to examine the validity of this approxima-
tion we have calculated

Y 0
Co= 1= Glrjjm + ) = Orjpo + o (rjy

Y 8
D} = §(er_1 + r]-J-H) + 6er~O - _2"(7']'_1»,‘0 + rj+u«>) (II'Sb)

as a function of j for a homopolymeric, two-chain, coiled
coil, containing 284 residues per chain with ¢ = 5 X 107,
s = 0.94 (the homopolymeric analogue of tropomyosin®),
and w® = 1.25 (helix content of 89.2%). It is in the limit
of high helix where the probability profile varies most
appreciably as a function of j and where the approximation
embodied in eq II-8a is tested most severely. We find that
D; varies by less than 0.2% from the value of 0.9872 for
the middle residues 51 < j < 234 and less than 3.5% from
the value of 0.9872 for 20 < j < 265. The value of D, (and
by symmetry Dyg) is 0.8898. Hence D, varies by less than
about 10% over the entire range of j and is within 3.5%
of Dyy, for 86% of the residues. In other words, as ex-
pected, the approximation embodied in eq II-8a breaks
down near the ends (which are essentially randomly coiled
anyway and thus make a very small contribution to the
helix—coil kinetics). Hence, we conclude that approxima-
tion I, eq 1I-8a, is justified.
We now make approximation Ila

(uiplujer) = (1 + &g; (I11-9a)

with ¢ a constant independent of j but which may depend

on N. Because of the cooperative nature of the transition,

u;j = wis1, the factor e corrects for slight deviations due to

end effects and compensates for the fact that ¢ = 0.
We have calculated the ratio

Sijer = (mipluinr) /95 (I1-9b)
as a function of j. As discussed in the Appendix, S;;.; =
Sn-jn-j-1; therefore, we need only examine the behavior of
S; j+1 as a function of j. We have calculated S; ;1 vs. j for
the same homopolymeric, two-chain, coiled coil discussed
above. §;;.; is within 1.3% of the valued of S;5,45 of
0.9890 for 20 < j < 264. Furthermore, the N = = value
is 0.9890. The worst disagreement is at j = 10 where Sy
= 1.250 (this is where g; — 0). Thus, except near the ends
eq I1-9a is a very good approximation.

Accepting approximations I and IIa, and using them in
eq II-3a, we find that the relationship between the ¢; and
Gjx1 is
(1-8)g;(=) = (v/2)(g\ + q{3)) + v8(1 + &gj(=) -

BC, = 0 (II-10a)

On the other hand, eq II-5 gives
2 cosh 8g;(») - (¢! + ¢{3}) + 2q(1 - cosh §) = 0

(I1-10b)

Equations II-10a and II-10b are consistent if
ycoshf=1-6+ (1 + ¢ (I1-11)
vq(1 - cosh 8) = -8C, (I1-12)

Observe that eq I1-12 gives the correct form when 8 =
O(s(w®¥2 = 1), ¢ = 0 and reproduces the N = = limit
exactly. Hence, we conclude that our approximate equi-
librium solution for g;(«) is valid except for residues very
close to the ends. Ti‘lis completes our discussion of the
approximate equilibrium solution for the g;(<).
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C. Approximate Time-Dependent Solution for
H(t). We are now in the position to construct an ap-
proximate master equation for g,(t), consistent with ap-
proximations I and Ila and valid in the moderate- to
long-chain limit. Consider now the ratio (uu%;4;)/g; in
an infinite chain. This ratio for an infinite, homo-
polymeric, two-chain, coiled coil having s = 0.94 and ¢ =
5 X 107 slowly and monotonically increases from 0.9748
when w? = 1.0 to 0.9908 when w? = 1.29. For finite chain
lengths, for example in a 284-residue, homopolymeric di-
mer, we find the above ratio (u;u’%us1)/q; with j = 142
equals 0.9775 and is accompanied by helix content 0.352
when w? = 1.1317 (where s(w®)/2 = 1) and the ratio equals
0.9758 and is accompanied by helix content 0.167 when w®°
= 1.10. Thus, we introduce approximation IIb: we assume
eq I1-9a is valid at all times, with e characteristic of the
final, equilibrium state. Approximation ITb should be valid
provided the initial and final states are not too widely
separated.

We now introduce approximation II1. Since r;p, rj;41,
and rj; o vary slowly as a function of w® provided the initial
and final states are not too far apart, with the greatest
variation occurring in r; and rjy; 5, and since the r;y, 741,
riz1, relax twice as fast as the g;(t), we replace in eq Ii-3a

5_7
2
by the values of the site-site correlations at infinite time,
and use the approximate relation eq 1I-8a. This approx-
imation in the master equation for dg,(t)/dt will be valid
in two circumstances. The first circumstance occurs when
the r; o, 7j0,j41, I'j 21 Of the initial and final states are fairly
close together. For example, if N = 284, and w? equals
1.1317 and 1.10, respectively, the ratio of the r; ;0 with j =
142 in the initial to the final state is 0.9770. Similarly the
ratio of the rjp; ; with j = 142 is 0.9765. Finally, the ratio
of r;;; in the initial to final state with j = 142 is 0.9962.
The second circumstance occurs when 3 is sufficiently
small (s(w?)!/2 is near unity) so that the term proportional
to B has a negligible effect on the time dependence of the
g;(t).
Introducing approximations IIb and III into eq II-3a
gives
-alyg; cosh 6 - (v/2)(g;-1 + gj+1) + vq(1 - cosh )}
(I1-13)

Byd
(rj_l’j + rj+1J) + 357‘j)j0 - —2—(r-_1d-o + r]'+1,j0)

which cosh 6 defined in eq II-11.
However, since the g;(«) are related by eq II-10b, we
have
d[g;(t) - gj(«)]/dt = —aty cosh 8[q;(t) - g;(«)] -
(v/2ah - ¢ + g - gf5il} (T1-14)
Equation II-14b is a finite difference equation of the
same form as 1-1I-21; the solution to eq II-14b is

q}t) = qy”) +

2 N1 N-1 . [ mwkY . mxj e
= mz=1 k§1[qk(0) = qx(=)] sin ( N ) sin (_N—)e ¢

(I1-15a)
wherein

v, = y[cosh (8) — cos (mn/N)] (I1-15Db)

withN-1z2m=1.

Equations II-14a,b and II-15a,b reduce to the single-
chain limit when 8 = 0 and é = 0, since cosh § = 1/, and
are also consistent with the N = « treatment introduced
previously in paper 1 if ¢ is set equal to zero.
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Moreover, it follows from eq II-15a that the mean overall
helix content at time ¢, g(¢), is
2 N-1 N-1

TN CD o O -

sin (mmk /N) cos (mn/2N)e™n! IL16

qx(=)] sin (mr/2N) (I11-16)

A quantity employed previously to characterize the re-

laxation rate is the initial slope of H(¢) defined in eq II-

7.1L1718 Tn the context of our approximate treatment, the
initial slope, which follows from eq II-14, is given by

_(@ ) _
dt Ji=o
Y q1(0) - gy(=)
coshd-1)+ 11-17

"‘{7( "t [ 70 -q= | &7
with g;(¢) the mean occupation number of residue one at
time t. Observe that y(cosh 8 - 1) is the rate associated
with the slowest relaxing mode when N = «. The second
set of terms, [v/(N - D][(g,(0) - g.(«))/(g(0) - g(=)],
corrects for the winding (or rewinding) of the ends and is
always positive. Thus, eq II-17 implies that the initial slope
probes the kinetics of the flipping of the same cooperative
domains as in the infinite chain plus a contribution from
the chain ends.

On the other hand, eq II-3a and 1I-3b provide us with
the exact mean initial slope, wherein

q(t) = q(=)

N-1
Ao = (Z1 x;(0) = x/(=)) /[(N - 1)(@(0) - g(=))]  (II-18)
j=

where x;(t) is defined in eq II-3b. The procedure for the
calculation of the equilibrium values of the various cor-
relation functions is found in the Appendix.

Up until this point, we have not specified how cosh 6 is
determined. If our approximate description of the dy-
namics is valid, we should be able to determine cosh 8 from
the exact initial slope defined in eq II-18 by

q1(0) - g4()
g0 - g(«)

Substituting cosh 4 determined from eq II-19 into eq II-6b
should give the correct mean helix content, thus, providing
a check on the validity of the approximations I-III. In eq
I1-19 as well as in eq II-15a and I1-16, we employ equi-
librium values for the g; calculated from the exact equi-
librium theory, viz., eq A-6. It should be pointed out that
the above treatment is also applicable to isolated single
chains if u° equals unity.

In this section, then, we have constructed an approxi-
mate analytical theory for the time dependence of the
mean occupation number in a finite, two-chain, coiled coil
that gives the correct initial slope and allows a calculation
of the infinite-time, equilibrium value of the mean overall
helix content, fiq4, that is consistent with approximations
I-III. Thus, we shall regard the ability to correctly re-
produce fi4 at infinite time as a measure of the validity
of the approximate time-dependent solution derived in this
section.

ITII. Numerical Results

A. Overview. In this section we shall examine the
validity of our approximate formalism for the calculation
of the time dependence of the mean helix content in
two-chain, coiled coils. Then we shall examine the values
of the initial slope A, of the normalized time-dependent
helix content, H(t), vs. at, defined in eq II-7, as well as the

Ao
coshf =1+ 7 -(N - 1)“1[ ] (I1-19)
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Table I
Equilibrium Parameters of the Net Helix-to-Coil Transition
in Two-Chain, Coiled Coils®

Macromolecules, Vol. 18, No. 2, 1985

Table II
Equilibrium Parameters of the Net Coil-to-Helix Transition
in Two-Chain, Coiled Coils®

. fnd® fad
w?, wo frd' (exact) (approx) R 10%

frdf Fra®
wo w' Fod (exact) (approx) R 10%

1.05 1.0 0.1018 0.08633 0.08598 0.9959 7.341
1.10 1.05 0.1673 0.1018  0.09831 0.9657 5.029
1.1317° 1.10 0.3520 0.1673  0.1594  0.9528 3.157
1.15 1.1317° 0.5405 0.3520  0.3626 1.030  2.526
1.17 1.15 0.7013 0.5405  0.5660 1.047 2.836
1.20 1.17 0.8180 0.7013  0.7247 1.033 3.805
1.25 1.20 0.8919 0.8180  0.8299 1.015 5.435
1.29 1.25 0.9185 0.8919  0.8872  0.9947 7.352

¢All calculations were done on a homopolymeric, two-chain,
coiled coil containing 284 residues per chain, with ¢ = 5 X 107* and
s = 0.94. See text for definition of symbols. f,4f(approx) is calcu-
lated by employing eq II-6a-II-6¢ with 6 obtained from eq II-19;
i.e., the exact and approximate initial slopes of H(t) are required to
be equal. ®This value of w® corresponds to helix—coil transition
midpoint of an infinite dimer, that is s(w®'/? = 1.0.

validity of approximating H(t) by e™* as a function of
different initial and final states. We then focus on the
analogous properties in isolated, single-chain homopoly-
peptides, and a comparison of the time scale of the kinetics
of helix — coil (or vice versa) transition in single chains
and two-chain, coiled coils in the context of the kinetic
Lsing, neglect-loop-entropy, perfect matching model is
made.

B. Application to Homopolymeric, Two-Chain,
Coiled Coils. Unless otherwise indicated, all calculations
on two-chain, coiled coils described below were performed
on the approx1mate homopolymerlc analogue of tropo-
myosin; i.e., each chain in the dimer contains 284 residues,
each havmg the s (equal to 0.94) and ¢ (equal to 5 X 10™)
chosen to approximate their respective geometric mean
values in tropomyosin.®

In Tables [ and II, we specify the initial-state and
equilibrium, final-state values of the helix-helix interaction
parameter (w° and w?, respectively), and the exact mean
helix content in the dimer in the initial state and final state
(fng and fr4'(exact), respectively), as given by the equilib-
rium theory (see eq 9 of ref 7). The value of f,4'(approx)
is obtained from eq II-6b and II-6¢; we also tabulate R, the
ratio of f,4f(approx) to fuqf(exact). The value of 4 is that
required to give the exact initial slope employing eq II-19.
If approximations I-1II are valid, the entries in the fourth
and fifth columns of Table I (and similarly in Table II)
should be quite close.

In Table I, the equilibrium parameters of the net he-
lix-to-coil transition are presented. Similarly in Table II,
the equilibrium parameters of the net coil-to-helix tran-
sition are given. It is readily apparent from column 6 of
Tables I and II that for the range of initial and final states
chosen, the agreement of f,4 calculated via the approxi-
mate and exact methods is rather good (at worst R =
0.9528 and 0.9338 in Tables I and II, respectively, and in
most cases lies even closer to unity).

For a given table the behavior of R may be rationalized
as follows. If approximations I-III were exact, R would
be identically unity. As w® increases (or decreases) to
where the helix content of both the initial and final states
lies in the plateau regime as a function of w", the initial
and final values of the two-site and three-site correlation
functions lie fairly close to each other. Approximations
ITa and ITb and III therefore become better and R lies very
near 1. In the region where the initial and final states
differ more appreciably in helix content, the behavior is
somewhat more complicated; while 8 is small and ap-
proximation III remains valid, approximation IIb, the re-

1.0 1.05 0.08633 0.1018 0.1003 0.9852 5.756
1.05 1.10 0.1018 0.1673 0.1622 0.9695 3.364
1.10 1.1317% 0.1673  0.3520 0.3377 0.9593 2.136
1.1317° 1.15 0.3520 0.5405 0.5047 0.9338 2.124
1.15 1.17 0.5405 0.7013 0.6558 0.9351 2.675
1.17 1.20 0.7013  0.8180 0.7821 0.9561 3.916
1.20 1.25 0.8180 0.8919 0.8655 0.9704 5.969
1.25 1.29 0.8919 09185 0.9007 0.9806 7.888

¢All calculations were done on a homopolymeric, two-chain,
coiled coil containing 284 residues per chain, with ¢ = 5 X 10™ and
s = 0.94. See text for definition of symbols. f,4f(approx) is calcu-
lated by employing eq II-6a~II-6¢ with 8 obtained from eq II-19;
i.e., the exact and approximate initial slopes of H(t) are required to
be equal. ®This value of w® corresponds to helix—coil transition
midpoint of an infinite dimer, that is s(w®¥2 = 1.0

placement of ¢ by the value at the final state, is not as good,
thereby giving rise to the larger values of R in the region
where the helix content as a function of w? is the steepest.?
However, since all the deviations in R from unity for the
particular set of states chosen in Tables I and II are minor,
it is apparent that approximations I-III are quite valid for
these conditions. Hence, we have an approximate theory
of the helix—coil or coil-helix transition that is capable of
giving the exact initial slope, and, at the very worst, a
final-state helix content within a few percent of the exact
value.

Comparison of Table I, column 6, with Table II, column
6, for the same final state reveals the following. For 8 <
0 (i.e., w® < 1.1317) the initial and final states of the Table
I are more widely separated, and thus R deviates further
from unity in Table I than in Table II. For 8 = 0 (i.e., w°
> 1.1317) the initial and final states are more widely
separated in Table II than in Table I; thus, values of R lie
closer to unity in the latter table than in the former table.

On the basis of Table I (Table II) we conclude that a
temperature-jump (-drop) experiment employing a uniform
temperature increment (decrement) probes the quasi-
equilibrium regime at high and low temperatures, but
probes the relatively large perturbation from equilibrium
regime in the vicinity of the helix—coil (or vice versa)
transition midpoint. A similar conclusion is found for
infinite chains in paper 1.

Let us examine now the kinetics of a base line to base
line experiment, i.e., one where initial and final states differ
substantially. Consider the transition from an initial state
w’ = 1.29 (helix content 0.9185) to a final state w% = 1.0
(helix content 0.0863). The initial slope A, for this tran-
sition is 1.235 X 107 and the f,4f(approx) = 0.0799. While
the two-site correlation functions r; %, r o441 and ;. differ
between the initial and final states (e.g., in the infinite-
chain limit, the values are 0.9467, 0.9466, and 0.9904 to be
compared with 0.6569, 0.6569, and 0.9748, respectively),
when w® = 1, § = 0; as is evident from eq II-3a we need
only concern ourselves with r;;.;. Hence, approximation
III remains satisfactory. In other words, we expect the
approximate treatment to be valid for almost any practical
temperature-jump experiment that can be performed.
While the above is encouraging, it does not indicate that
the approximations I-III are uniformly valid independent
of initial and final states.

Let us now consider the results of the calculation where
w® = 1.0 and w% = 1.29, and 8 = 0.0327, and é = 0. One
now finds that the value of the cosh 9 required to be
consistent with the exact initial slope is less than unity,
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Figure 1. Plot of A\ calculated via eq II-18 vs. w?%, the helix-helix
interaction parameter in a 284-residue, homopolymeric, two-chain,
coiled coil having ¢ = 5 X 10 and s = 0.94. The net helix (coil)
to coil (helix) transitions are denoted by circles (triangles). Pairs
of initial and final states of the net coil-to-helix and net helix-
to-coil transitions are connected bgr dotted lines; i.e., the w® of
a circle state corresponds to the w’ of a triangle state and vice
versa.

an impossible and incorrect result. Thus, the approxi-
mations I-III, and in particular approximations IIb and
III, are incorrect. We remind the reader that the various
equilibrium quantities are very sensitive functions of 3 for
small values of 3. Thus, while the method is applicable
to a wide range of initial and final states, caution must be
exercised for the case of low helix going to high helix
(analogous to a temperature-drop experiment).

In Figure 1 we have plotted A\, (calculated from eq II-18)
vs. wY% (see also Table V). The net helix-to-coil transitions
are denoted by circles and the net coil-to-helix transitions
are denoted by triangles. For both kinds of transitions,
net helix to net coil and vice versa, when N = 285, observe
that there is a minimum in the curve of Ay vs. w% where
s(w®)/? equals unity, i.e., at w’% = 1.1317 (at the midpoint
of the transition in the infinite chain). This is not however
the midpoint of the transition of the 284-residue dimers
whose helix content at s(w®2 = 1.0 is in fact only 35.2%.
The minimum in A, (or essentially equivalently in 8 given
in column 7, Tables I and II) reflects the fact that when
B = 0 (s(w®/2 = 1) coupling into the higher order, faster
decaying site—site correlation functions is forbidden by the
symmetry of the free energy of the system as shown in the
discussion following eq 1-II-12b.* Setting 8 # 0 introduces
additional bias toward the final state. 8 > 0 (<0) favors
helix (random coil) states and, by allowing coupling into
the faster modes, speeds up the transition. The presence
of a minimum in A; {maximum in the relaxation time) is
in qualitative agreement with temperature-jump studies
on the longer, two-chain, coiled-coil myosin rod.!?

Let us now compare the high-to-low with the low-to-high
helix-content transition between pairs of initial and final
states denoted by dotted lines in Figure 1. If 8 <0, i.e.,
where s(?1/2 < 1, the state at lower helix content will have
an || that is larger and therefore a greater initial slope.
Similarly, when 3 is appreciably greater than zero, the net
coil-to-helix transition will have a larger 8 and thus will
have a greater initial slope, as is clearly seen in Figure 1
for larger values of w%. However, as w’ increases, the
interchain cooperativity parameter é also increases, and
the larger the value of 8, the more cooperative the tran-
sition, and the slower the rate. For values of 8 > 0, but
close to zero, the interchain cooperativity effect dominates
(see section II, paper 1), and A\y(helix — coil) > Ay(coil —
helix). As § increases, the biasing effect of the propagation
parameter dominates and Ay(coil — helix) > Ay(helix —
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coil). Finally, the relative ordering at a given w% of the
A for the helix-to-coil and coil-to-helix transitions occurs
for the identical reason as discussed above for the values
of R in Tables I and II. It simply has to do with the fact
that for 8 > 0 the helix — coil states are closer in helix
content and for 8 < 0 the coil — helix states are closer in
helix content. In all cases the cosh 6 is an effective pa-
rameter reflecting the role played by the higher order
correlation functions in the dynamics.
Insofar as the initial slope approximation to H(t) is valid,
ie.
H(t) ~ et (I11-1)

we find that the time scale of the base line to base line
experiments, w? = 1.0 — w% = 1.29 with A, = 1.690 X 107
and w’ = 1.29 — w% = 1.0 with A\, = 1.235 X 107 is quite
close to the value where 8 = 0. That is, A, equals 2.8687
X 107 for w? = 1.10 — w% = 1.1317, and ), equals 4.01
X 107 for w% = 1.15 — w% = 1.1317. Hence, an important
conclusion of the infinite-chain result remains correct for
finite chains. Namely, measuring the transition rate to a
final state where s(w®)!/2 = 1 provides a reasonable esti-
mate of the time scale in the experimentally more difficult
(if not impossible), base line to base line experiments. (We
point out that consistent with eq II-17 in the limit that N
— o, we recover an initial slope where w% = 1.1317 (8 =
0) independent of initial state and equal to 2.8632 X 107%).
As would be expected, the initial slope for the infinite chain
is less than coil — helix or helix — coil values of A for the
N = 284 case presented above.

We now return to the question of the range of validity
of approximating H(t) by e**!, Given that eq II-17is a
valid approximation to the initial slope, it is apparent that
if the ratio Ay/», is very close to unity, with

v; = vy[cosh § — cos (7w /N)] (IT1-2)

then the distribution of frequencies is very narrow and the
initial slope will be an excellent approximation for the
characterization of the time dependence of H(¢t). On the
other hand, if the ratio Ay/», differs substantially from
unity, approximating H(¢) by e will be inadequate.
Basically then we require that

el en(3)] e ()

(g1(0) - g1())
(N -~ 1)(g(0) - g(=))

It should be pointed out that approximation III implies
that the initial slope and the slowest relaxing mode in the
N — « limit are identical and are given by vy(cosh 6 — 1).
The validity of this approximation with ¢ = 0 has been
demonstrated for the infinite-chain limit over a wide va-
riety of initial and final states in section IV of paper 1. A
similar conclusion for single-chain homopolypeptides has
been found by Schwarz!” and by Craig and Crothers.'®

We show, in Figure 2A, H(t) vs. at for a 284-residue,
homopolymeric dimer having «? = 1.10 (initial-state helix
content 0.1673) and w? = 1.1317 (final-state helix content
0.3520). We find that P = -0.006. In other words the
initial slope is less than the rate of the slowest relaxing
mode, but the difference is negligible. This expectation
is confirmed in Figure 2B, where we plot Cy, with

Cy = e H(t) (I11-4)

vs. at. The ratio is always close to but less than unity.

In Figure 3A we show H(t) vs. ot for an initial state w’
= 1.25 (helix content 0.8919) and final state w% = 1.29
(helix content 0.9185). For this set of conditions, P = 0.62.

] « 1 (III-3)
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Figure 2. A: Plot of H(t) vs. at calculated via eq II-7 and I1-16
for a 284-residue, homopolymeric, two-chain, coiled coil having
o =5 X 107 and s = 0.94, with initial state w®% = 1.10 (helix
content 0.1673) and final state w% = 1.1317 (helix content 0.3520).
B: Plot of C4 defined in eq III-4, vs. at for the same conditions
as in part A, The closer the values of Cq are to unity, the better
is the initial slope approximation to H(t).
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Figure 3. A: Plot of H(t) vs. at calculated via eq II-7 and II-16
for a 284-residue, homopolymeric dimer having ¢ = 5 X 10™, and
s = 0.94, with initial state w® = 1.25 (helix content 0.8919) and
final state w’ = 1.29 (helix content 0.9185). B: Plot of C, defined
in eq I1I-4 vs. at for the same conditions as in part A. The closer
the values of Cy4 are to unity the better is the initial slope ap-
proximation to H(t).

The initial slope is 5.169 X 1073, not a very good approx-
imation to the rate of smallest relaxing mode, »,, which is
3.170 X 1073, Otherwise stated, C, vs. at should rise above
unity as at increases. This is clearly seen in Figure 3B,
where we display Cq vs. at.

The above results are easily rationalized on the basis of
eq I1-16 and II-17. Basically the relaxation spectrum will
be broad if the helix probability profile is quite curved,
that is, where chain end effects are important. Otherwise
stated, if the helix probability profile has a large number
of Fourier components, then the relaxation spectrum in
eq II-16 (and reflected in the second set of terms in eq
I1-17) will have appreciable contributions from all v,
Thus, the time dependence of H(t) will be poorly char-
acterized by the initial slope approximation. This occurs
for chains where either N is relatively small or in the range
where g,(0) and g,(«) differ substantially. It is in the limit
of high helix content that the helix content of the ends is
most sensitive to initial and final states and where ¢,(0)
and g,(«) differ the most. Thus, as mentioned previously
we conclude that (N - 1) v{(g,(0) ~ g,(«))/(g(0) - §(=))]
is a measure of the effect of the curvature in the helix
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profile and at a given N will be most pronounced in the
limit of higher helix content. In other words, the initial
slope approximation to H(t) breaks down for final states
of high helix content, as is observed. The above consid-
erations hold not only for dimers but also for single chains
as discussed in section III-C.

By way of further illustration we have also done some
representative calculations on a 284-residue-chain, homo-
polymeric, two-chain, coiled coil with s = 0.94 and the
larger value of ¢ = 1072 With increasing ¢, the helix—coil
transition becomes less cooperative, and thus a 284-residue
chain should be closer to the N — « limit. We have taken
w®% = 1.10 (equilibrium helix content 0.4392) and w® =
1.1317 (equilibrium helix content 0.4813). The initial slope
approximation to H(t) is excellent over the entire decay
process and A, is 1.468 X 1072, The approximate infi-
nite-time helix content is 0.4811, in excellent agreement
with the exact result. We then set w% = 1.25 (helix content
fod = 0.6611) and w% = 1.29 (equilibrium helix content
0.7163). The initial slope approximation, while not as good
as for the above case, nevertheless characterizes H(t) to
within 10% for values of H(t) = 0.02, clearly adequate for
all practical purposes. The approximate equilibrium value
of the helix content is 0.7180, again demonstrating the
improved validity of the approximations I-III when the
transition is less cooperative and the dimer effectively lies
closer to the N — « limit.

As shown below, when o = 1072 the approximate theory
is capable of adequately handling the base line to base line
kinetics from both high initial to low final helix content
state and vice versa, unlike the case where ¢ = 5 X 107
For example, with ¢ = 1072, taking u® = 1.0 (f,4' = 0.3416)
and w’% = 1.29 (fsf(exact) = 0.7163), we find an initial slope
of 1.094 X 1072, which adequately characterizes H(t) within
5% for H(t) = 0.023; initial and final states that are very
far apart are generally well characterized by the slowest
relaxing mode approximation for the initial slope; the ratio
Ao/vy 18 1.03. Moreover, fi4/(approx) equals 0.7117, clearly
in adequate agreement with the exact value. Similarly,
setting w’ = 1.29 and w% = 1.0, we find an initial slope
of H(t) vs. at of 1.951 X 1072 and f,,4f(approx) = 0.3408, in
close agreement with the correct value. Note again that
an estimate of the time scale of the base line to base line
kinetics is readily obtained from examining the value of
Ao when 8 = 0 and when the initial and final states are
relatively close together.

C. Application to Single Chains. In order to obtain
a comparison between the transition kinetics in two-chain,
coiled coils and isolated single chains, we have performed
a series of calculations on a homopolymeric single chain
with ¢ = 5 X 107 as a function of different initial (final)
state helix propagation parameters s; (sg) and exact
equilibrium helix contents fy,!(f, (exact)). Comparison
is made between f,,/(exact) and the approximate helix
content consistent with the correct initial slope, f,!(ap-
prox) (and obtained via eq II-6b, II-6¢, and II-19).

The formalism derived in section II for two-chain, coiled
coils is made applicable to single chains by setting w® =
1, so that 6 = 0, and 3 defined in eq II-4c equals (s — 1)/(s
+ 1). We would in fact expect the approximate formalism
introduced in section II to be an even better description
of the dynamics in single chains. Approximations IIa and
IIb are not needed, and at a given ¢ the helix—coil tran-
sition in isolated single chains is less cooperative than in
dimers; in other words, at a given N, the single chain lies
closer to the N — = limit.

In Tables III and IV, where we have presented the
equilibrium parameters of the net helix-to-coil and net
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Table III
Equilibrium Parameters of the Net Helix-to-Coil Transition
in Single Chains®

5 St frd fad'(exact)  fugf(approx) R 1026
0.97 094 0.1909 0.08633 0.08563 0.9919 17.066
1.00 0.97 0.4230 0.1909 0.1892 0.9910 5.118
1.03 1.00 0.6765 0.4230 0.4230 1.0000 4.473
1.06 1.03 0.8138 0.6765 0.6728 0.9945 5.174
1.09 1.06 0.8787 0.8138 0.8031 0.9869 6.529
1.12 1.09 0.9127 0.8787 0.8643 0.9836 8.028
115 112 0.9328 0.9127 0.8970 0.9827 9.510

¢ All calculations were done on a homopolymeric, isolated single
chain containing 284 residues per chain with ¢ = 5 X 107, f.&
(approx) is calculated by employing eq II-6a~11-6¢ with # obtained
from eq I1-19; i.e., the approximate and exact initial slopes of H(t)
are required to be equal.

Table IV
Equilibrium Parameters of the Net Coil-to-Helix Transition
in Single Chains®

5 S¢ fud fna'(exact) fusf(approx) R 10%
094 097 0.08633 0.1909 0.1932 1.012 5.894
097 1.0 0.1909 0.4230 0.4320 1.0000 4.473
1.0 1.03  0.4230 0.6765 0.6589 0.9740 4.572
1.03 1.06 0.6765 0.8138 0.7904 0.9712 5.773
1.06 1.09 0.8138 0.8787 0.8562 0.9744 7.311
1.09 1.12 0.8787 0.9127 0.8917 0.9770 8.856

112 115 09127 0.9328 0.9131 0.9789 10.33

¢ All calculations were done on a homopolymeric, isolated single
chain containing 284 residues per chain with ¢ = 5 X 104, f,
(approx) is calculated by employing eq II-6a~II-6¢ with § obtained
from eq II-19; i.e., the approximate and exact initial slopes of H(t)
are required to be equal.

coil-to-helix content transitions, respectively, the above
conjectures are verified. In column 6 we show the ratio,
R, of fun!(approx)/fynf(exact). The worst relative dis-
agreement between the exact and approximate helix con-
tent is less than 2% for the net helix-to-coil transition and
less than 3% for the net coil-to-helix transition. We re-
mind the reader that the approximate theory becomes
exact for single chains when s; equals unity. It is apparent
that the approximate treatment adequately handles the
dynamics of single chains for the range of parameters em-
ployed. It will however break down if approximations I
and III are incorrect, i.e., if the chains are very short and/or
if the initial and final states are widely separated.

In Figure 4 we have plotted ), calculated via eq II-18
vs. s;with = 0 and 8 = (s - 1) /(s + 1). The transitions
from net helix to coil (coil to helix) are denoted by circles
(triangles). The slope of the A, vs. s; curve is seen to be
steeper than the analogous curve displayed in Figure 1, for
two-chain, coiled coils. As discussed in section ITIB, when
wY increases, the interchain cooperativity parameter in-
creases and this tends to decrease A\, (the more cooperative
the transition, the larger is the domain size on the average
that flips and the lower is the transition rate). On the other
hand, there is a biasing parameter 8 that increases A;. The
competition between these two effects produces the smaller
slope in A, vs. w; in dimers as compared to A, vs. s; in single
chains. In the case of isolated single chains there is no
interchain cooperativity parameter, the increase in A\, from
the minimum where 8 = 0 (no bias for helix or coil states)
reflects only the increasing bias toward the final equilib-
rium state, and A, increases more steeply, as is also ob-
served in the infinite-single-chain case.* For the compa-
rable range of initial and final states studied, the initial
slopes in single chains are about a factor of 2-3 larger than
in dimers. The relative ordering of Ay for the net helix-
to-coil and coil-to-helix transitions follows the same
dependence as discussed above for dimers and will not be
examined further.
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Figure 4. Plot of A\, vs. s; for a 284-residue, homopolymeric, single
chain with ¢ = 5 X 10™%. The net helix (coil) to coil (helix)
transitions are denoted by circles (triangles). Pairs of initial and
final states for the net coil-to-helix transition and net helix-to-coil
transition are connected by dotted lines; i.e., the s; of a circle state
corresponds to the s; of a triangle state and vice versa.
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Figure 5. A: Plot of H(t) vs. at calculated via eq II-7 and II-16
for a 284-residue, single-chain homopolypeptide with ¢ = 5 X 107,
8; = 0.97 (helix content of 0.1909), and final state s; = 1.0 (helix
content of 0.4230). B: Plot of C,, defined in eq III-5 vs. at for
the same conditions as in part A. The closer the values of Cp,
are to unity, the better is the initial slope approximation to H(t).

To further examine the validity of replacing H(t) by
e~Mt we plot in Figure 5A H(t) vs. at for a single chain
having an initial-state s; = 0.97 (helix content 0.1909) and
final-state s; = 1.0 (helix content 0.4230), with initial slope
1.156 X 107 as compared to the N — « value of 9.99 X
10*. We remind the reader that the approximate theory
is exact when s; = 1.0. The ratio Ay/v; is 1.09. Thus, we
would expect at longer times some deviations from the
initial slope approximation, but nothing drastic. To verify
this conjecture we plot in Figure 5B C,, given by

C,, = eH(?) (I11-5)

vs. at. Since Cp, < 1.10 for H(t) = 0.18, the process is fairly
well characterized by the initial slope approximation, as
would be expected by analogy to the discussion about the
breadth of the relaxation spectrum in two-chain, coiled
coils.

In Figure 6A, we plot H(t) vs. at for a single chain having
an initial-state s; = 1.12 (helix content 0.9127) and final-
state s; = 1.15 (helix content 0.9328), with A\, = 9.288 X
1078, fymf(approx) is 0.9131, in fairly good agreement with
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Table V
Relaxation Parameters as a Function of Chain Length in Two-Chain, Coiled Coils®
N =51 N =101 N =201 N = 285

w®, w 10%, N/ ¥t 10%, e 108, Yo/ 109, N/ V1
1.05 1.0 5.588 0.9420 3.458 0.9721 2.883 1.002 2.775 1.007
1.10 1.05 3.893 0.9273 1.979 0.9462 1.426 0.9877 1.325 1.001
1.1317 1.10 2.669 0.9208 1.088 0.9270 0.6414 0.9745 0.5569 0.9968
1.15 1.1317 2.071 0.9287 0.7487 0.9480 0.4446 1.029 0.4007 1.056
1.17 1.15 1.814* 0.9538 0.6666* 1.030 0.5276 1.180 0.5494 1.188
1.20 1.15 1.626* 1.017 0.7258* 1.255 0.9427 1.433 1.069 1.363
1.25 1.20 1.506* 1.215 1.236* 1.848 2.152 1.762 2.414 1.571
1.29 1.25 1.297* 1.824 2.938* 2.536 4.239 2.013 4.761 1.724
1.0 1.05 4.088 0.9223 2.295 0.9585 1.825 1.003 1.737 1.012
1.05 1.10 2.637 0.8963 1.103 0.9074 0.6985 0.9751 0.6273 1.002
1.10 1.1317 1.979 0.8960 0.6601 0.8851 0.339%4 0.9528 0.2869 0.9939
1.1317 1.15 1.708* 0.9148 0.5419* 0.9296 0.3248 1.040 0.3073 1.074
1.15 1.17 1.444* 0.9426 0.4720% 1.042 0.4456* 1.220 0.5053 1.208
1.17 1.20 1.119* 1.025 0.4929* 1.427 0.9165% 1.450 1.111 1.344
1.20 1.25 0.7714* 1.529 1.006* 2.290 2.314 1.673 2.719 1.477
1.25 1.29 0.7886* 3.895 2.927* 2.551 4.502 1.901 5.169 1.631

¢ All calculations were done on a homopolymeric, two-chain, coiled coil with ¢ = 5 X 10™ and s = 0.94. A, and », are calculated from eq
11-18 and III-2, respectively. An asterisk indicates range of parameters for which the approximate analytic solution for g(t), eq I1I-16, has

broken down.
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Figure 6. A: Plot of H(t) vs. ot calculated via eq II-7 and II-16
for a 284-residue, single-chain homopolypeptide with o = 5 X 107,
s; = 1.12 (helix content of 0.9127) and final state s; = 1.15 (helix
content 0.9328). B: Plot of C,, defined in eq III-5 vs. at for the
same conditions as in part A. The closer the values of C,, are to
unity, the better is the initial slope approximation to H(¢).

the exact result. The slowest relaxing mode has », equal

to 5.400 X 1073, giving a ratio A/», of 1.72. This reflects
the breadth of the spectral distribution. Clearly deviations
in C,, from unity defined in eq I1I-5 are to be expected.
In Figure 6B we have plotted C, vs. at; Cy, is not well
approximated by the initial slope, nor for the range of
values of ot is it well approximated by €. On the other
hand, deviations form unity in C,, are not too large for
times where H(t) differs appreciably from zero. We point
out that the deviations of C,, from unity are smaller than
for the analogous set of initial and final states in dimers:
Basically single chains have a narrower spectral distribu-
tion because for a given ¢ they are closer to the N — «
limit, where the spectral distribution collapses to a single
value (see eq II-17 as N goes to infinity).

In Figure 7A we have examined the base line to base line
kinetics by a plot of H(t) vs. at, where s; = 1.15 (f;,,} =
0.9328) and s; = 0.94 (f,,/(exact) = 0.08633). The initial
slope of H(t) vs. at is 1.538 X 107 and f,, (approx) =
0.08025. Observe that A, is quite close to the value at s;
= 1.0 (and calculated assuming s; = 1.03), namely 1.258
X 1073, The initial slope approximation to H(t) is fair. »
equals 1.072 X 1073 the ratio Ay/», is 1.43. We plot in
Figure 7B C,, vs. at; some deviation in C,, from unity is
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Figure 7. A: Plot of H(t) vs. at calculated via eq II-7 and II-16
for a 284-residue, single-chain, homopolypeptide with ¢ = 5 X
10™, s; = 1.15 (helix content of 0.9328), and s; = 0.94 (helix content
0.086 33). B: Plot of C, defined in eq III-5 vs. at for the same
conditions as in part A. The closer the values of C,, are to unity,
the better is the initial slope approximation to H(t).

evident over a majority of the relaxation process. This is
merely a reflection that at long times the middle of the
chain is still relaxing toward the equilibrium state whereas
at short times the chain ends quickly reach their equilib-
rium state. Thus, a fairly broad relaxation spectrum is
seen.

D. Effects of Chain Length. In Table V we study the
initial slope and the ratio \y/», as a function of chain length
for a homopolymeric two-chain, coiled coil with ¢ = 5 X
10* and s = 0.94. Chains of 50, 100, 200, and 284 residues
are considered. As would be expected because of the in-
creased curvature of the probability profiles at higher
values of the helix content, approximations I-III break
down for relatively short chains; and the time dependence
of §(t) given in eq II-16 is not correct. Such cases are
indicated by an asterisk in the entries of Table V. We
again remind the reader tha the initial slope obtained via
eq I1-18 is exact for all N in the context of the kinetic Ising,
neglect-loop-entropy model. We also point out that in the
limit of large w®, for a given w? and wY, the initial slope
of a shorter chain is smaller than that of a longer chain.
The origin of this effect is simple. The shorter chains are
undergoing a transition from initial to final states whose
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helix contents are more widely separated than those of the
longer chains (a larger value of w° is required to obtain a
given f4). Consider the case of initial-state w® = 1.29 and
final-state w% = 1.25. When N = 51, fi4' = 0.3164, f,4"
(exact) = 0.1928 and A, = 1.297 X 1078, However, if N =
285, fod = 0.9185, and fyf = 0.8912, and A, = 4.761 X 1073,
On the other hand, when the differences in helix content
of initial and final states are similar, as for example when
wd = 1.05 and w% = 1.0, then the smaller chains relax
faster. If N = 51, f,4' = 0.0530, f4f(exact) = 0.0499, and
Ao = 5.588 X 1073, If we set N = 285, f, 4 = 0.1018, fyf =
0.0863, and A\ = 2.775 X 1078, Thus, one must be quite
cautious on comparing relaxation data between chains of
different length. Attention must be paid to both the in-
itial- and final-state helix contents, i.e., whether the ex-
periment involves a small or large perturbation from the
initial-state helix content. It should be pointed out that
the qualitative results discussed above for two-chain, coiled
coils are also found for single chains; the single-chain re-
sults are not included here.

IV. Summary and Discussion of Results

In this paper we have extended the kinetic Ising, neg-
lect-loop-entropy, perfect matching model of the helix—coil
transition in two-chain, coiled coils to chains of moderate
to infinite length. Starting from an approximate form of
the equilibrium helix probability profiles, we have derived
a time-dependent master equation consistent with the
equilibrium, infinite-time limit. Analytic expressions are
derived for the equilibrium occupation number of the jth
residue, g;(«), and the mean overall occupation number
d(«) as a function of a phase factor, 8, that relates the g;
to gj+;. We then determine the phase factor by requiring
that the exact initial slope A\, (readily determined from the
exact master equation) and the initial slope determined
in the approximate method agree (see eq 11-19). Expres-
sions for the time dependence of g;(t) and g(t) are given.
We then calculate the helix content at infinite time from
our approximate treatment. Provided that the initial and
final states are not too far apart, excellent agreement be-
tween the exact and approximate equilibrium values of the
helix content is found. Knowing cosh 6 allows us to obtain
the rate of the slowest relaxing, long-wavelength mode, »;
(and in fact all modes). Comparison of the ratio Ay/»;
allows us to measure the effective breadth of the spectral
distribution without having to calculate the full relaxation
curves. In other words, as discussed in section III-B
(particularly eq III-2ff) we have a simple criterion for
determining when the initial slope approximation to the
normalized time-dependent helix content, H(t), defined
in eq II-7 is valid. In the limit of large chains, in agreement
with Schwarz,'” and Craig and Crothers,'® we find a very
narrow distribution of relaxation frequencies in single
chains as well as in two-chain, coiled coils. On the basis
of our analysis we conclude that the initial slope approx-
imation to H(¢) at finite N where end effects are important
breaks down when the initial and final states are widely
separated or when the helix content is quite high.

These additional important qualitative conclusions
emerge from our numerical analysis of the dynamics in
two-chain, coiled coils and single chains at finite N:

(1) The initial slope of H(¢) vs. at in both single chains
and two-chain, coiled coils at finite chain length has a
minimum when the final state has s(w%)!/2 = 1 (where
noninterfacial helical and randomly coiled states have
equal statistical weights), i.e., at the transition midpoint
(50% helix content) of an infinite chain. The minimum
in A, at finite N does not occur for the state that has 50%
helix content.
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(2) The increase in A vs. w; to either side of s(uw®)!/2 =
1 reflects the role of the unequal statistical weights of
random coil vs. helical states that produces a kinetic bias
toward the final, equilibrium infinite-time state.

(8) The A vs. w% curve in dimers is not as steep as the
Ag vs. s¢ curve in single chains because in the former case
there is an additional interchain cooperativity parameter
that increases as w; increases. This tends to slow down
the transition. Thus, at identical ¢ and N, the initial slope
in single chains is about a factor of 2-3 larger than in
two-chain, coiled coils for initial and final states having
similar helix content. Furthermore, since the helix—coil
transition in dimers is more cooperative than in single
chains, at a given ¢ and N, the single chain lies closer to
its infinite-chain limit than does a two-chain, coiled coil.

(4) At the level of approximation employed, the initial
slope collapses to the slowest relaxing mode in the limit
that N — «. The slowest relaxing mode has Fourier
components of wavelength N, i.e., the length of the chain
(this merely corresponds to the fact that infinite-chain
helix probability profiles are flat), and probes the dynamics
of the cooperative domains of length on the order of 1/¢'/2
residues. The deviations of Ay from the slowest relaxing
mode reflect the effects of curvature in the helix proba-
bility profile. The greater the curvature of the probability
profile the larger the number of Fourier components. This
gives rise to the greater contribution of the faster modes
at finite N and higher values of the helix content to H(¢).

(5) Because of the shape of the curve of equilibrium helix
content as a function of temperature,'®1® temperature-
jump (or -drop) experiments employing a uniform tem-
perature increment (decrement) probe the quasi-equilib-
rium regime at high and low temperatures and the fairly
large deviation from equilibrium regime in the vicinity of
the transition midpoint. This conclusion depends only on
the slope of the equilibrium helix content curve vs. tem-
perature and is independent of the particular theory em-
ployed to describe the kinetics.

(6) The rate of decay in a base line to base line mea-
surement (that is, a transition between a very high helix
content initial state to a very low helix content final state,
or vice versa) may be estimated by examining the kinetics
of the helix~coil transition to a final state where the sta-
tistical weights of noninterfacial helical and random coil
states are the same, i.e., s(u%)/2 = 1. Moreover, the initial
slope for the final state having s(w%Y2 = 1.0 for a 284-
residue chain is quite close to the value for an infinite
two-chain, coiled coil and single chain when ¢ = 5 X 107,

(7) The initial slope approximation to H(t) for a base
line to base line experiment in the range of validity of our
theory should be reasonably good for values of ¢ charac-
teristic of tropomyosin, in both single chains and dimers.

It should be pointed out that for very short chains in
the limit that o goes to zero and s is less than unity, the
only way to achieve a significant helix content in the
present model of a two-chain, coiled coil is by having in-
teracting helices, i.e., there is a single interacting helical
stretch preceded and followed by randomly coiled tails in
each of the chains. In this limiting case, the kinetic Ising,
neglect-loop-entropy model reduces to the zipper model
developed by Chay and Stevens,?® and Miller,?! and Jer-
nigan, Ferretti, and Weiss.?? However as ¢ and s are in-
creased, in addition to an interacting helical stretch there
will also be noninteracting helical stretches in each of the
two chains, a situation that the zipper model is not de-
signed to accommodate.

At this juncture, experimental measurements of the
kinetics of the helix—coil transition in two-chain, coiled coils
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are sorely needed. The various qualitative predictions
described above need to be verified or disproved. Then
guided by the results of experiments, the theory needs to
be extended to include the roles of loop entropy, mismatch
and mutual diffusion of the two chains in the dynamics;
all of these present serious theoretical difficulties. How-
ever, it will be worth the effort if a cogent physical picture
of the dynamics of the conformational transition in two-
chain, coiled coils emerges.
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Appendix. Equilibrium Correlation Functions of
the Occupation Number: Finite Chains

In the calculation of the initial slope we needed equi-
librium averages of various kinds of correlation functions
of the occupation numbers; we present the prescription for
their calculation in this Appendix. We refer the reader
to Appendix B of ref 4 if the infinite-chain limits of these
quantities are desired. We shall require the following
statistical weight matrices:

~1 g$ 1 os

Ay, = ® E, (A1)
~1 s 1 s

The statistical weight matrix for the mean occupation
number of the jth residue in chain one, E,, is a diagonal
matrix with unity everywhere on the diagonal except E, -
(4,4) = u® and ® denotes the direct product. Furthermore

1 o8 ~1 0§
Aup = ® E, (A2)
1 s ~1 s

is the statistical weight matrix for the mean occupation
number of the jth residue in chain two. Moreover

-1 os -1 [

Appo = ® E, (A-3)
-1 s -1 s

is the statistical weight matrix for calculation of the si-
multaneous occupation numbers of the jth residues in
chains one and two. Finally, the statistical weight matrix
associated with the jth residues in both chains

1 o8 1 N
Ug = ® E, (A-4)
1 ] 1 s

The internal partition function of the dimer is
N-1
st = J* g UdiJ (A'5)

J* and J are Row(1,0,0,0) and Col(1,1,1,1) vectors, re-
spectively.
The mean occupation number of the jth residue is

-1 N-1
q; = Z,'d* FHI UsA,, _Hl Uyd (A-6)

=j+

wherein we employ the convention I1,_,"Uy = E, that is,
the 4 X 4 identity matrix, if n > m.

We now consider two-site correlation functions of the
occupation number.

Ifj>1
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2
-1 = st_lJ* I=_Il UdlA H UdzJ

#1 L7
R et

(A-Ta)

andifj=1
o =~ (A-Tb)
the latter follows from the condition that phantom residue

zero is always in the random coil state.
Similarly forall N -1 > j

1
Tig#1 = sdﬁlJ* iI;Il Udi H Ud,J (A-8a)

i‘]+l ._

andifj=N-1
NN = —GN-1 (A-8b)
since uy always equals minus one.
Now
-1 N-1
rijo= st_lJ* ]Il UdiAyuo ‘Hl UdiJ (A-9)
i= i=j+

Moreover, if j > 1

N-1
roj1 = Zyg ld* H UgA, A, l=IjL Ugd (A-10a)
andifj =1

rej = —qq (A-10b)
If j < N-1, we have
1
rj‘Oyj+1 = st‘lJ* I_:Il Udl ﬂ)+1 '-H Udl (A'lla)
andifj=N-1
roj+1 = —4N-1 (A-11b)

We finally turn to the calculation of three-site correlation
functions of the occupation number. If j > 1

2
(Mjﬂjouj_l) = st_lJ* 1__.[1 Uthu 0 _H Ud,J (A-12a)
andif j =1
(uarug®) = —ry 0 (A-12b)
Similarly, if < N-1
it} N-1
<ﬂjﬂjopj+1> = st—lJ* I-]i UdiAquAu " 'qz UdiJ (A-13a)
i= i=j
andifj=N-1
(UN-1RN-1"HN) = T NCL N0 (A-13b)

It should be pointed out that for homopolymers the
values of g and rp; are symmetric about the middle residue.
In addition, the pairs rp;,; and rpo;;, and (uu%u;4;) and
(ujm%uy) can be simply related to each other. Labeling
the first member of each pair respectively by the indices
J,J+1, and the second member of each pair by the indices
J.J—1, we have by symmetry that the j,j+1 element of the
first member equals the N-j,N-j-1 element of the second
member. Hence, the amount of computer time required
for the calculation of the various averages can be reduced
by a factor of 2.
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ABSTRACT: Limits of thermodynamic stability (spinodals) and critical points in liquid systems containing
statistical copolymers are investigated numerically on the basis of the classic lattice model. The calculated
phase behavior reproduces the scarce experimental data in the literature in a qualitatively correct manner,
provided the model is extended to allow for the various constitutional repeat units (CRUs) to differ in number
of nearest-neighbor contacts. In particular, the sensitivity of phase relations toward small changes in chemical
composition and/or chain length is reproduced. Multiplicity of critical points may be expected to arise easily
and, with it, separations into three phases. The latter is in accordance with observations reported several
years ago by Molau. Whether or not a third copolymer compatibilizes a mixture of two (co)polymers seems
to depend subtly on the molecular characteristics mentioned and on the pair interactions between the various

CRUs.

Compared with homopolymers statistical copolymers
have so far not received the attention in the thermody-
namic literature one would expect on account of their
practical importance. Their complex molecular structure
may explain this apparent negligence, studies of homo-
polymers already being up against formidable difficulties.

In this paper we focus on liquid-liquid phase relation-
ships in mixtures containing statistical copolymers. We
exclude dilute-solution properties from the discussion
which thus covers systems in which the segment density
can to a good approximation be considered uniform. The
molecular model used is based on the rigid lattice treat-
ment of Flory, Huggins, and others, amended to deal with
the situation in hand.'®

Among the systems of interest we have solutions of co-
polymers in a single solvent where the influences of
chemical composition and chain length could be explored
theoretically. Another system of practical importance is
a partially miscible blend of two chemically different
homopolymers in which a statistical copolymer might have
a compatibilizing effect. The copolymer may or may not
consist of the monomers in the two homopolymers. The
first case has recently been studied theoretically by Lei-
bler.” The investigation of the systems mentioned is
complicated by the fact that two statistical copolymers,
having the same chain length but differing in monomer
content, are not necessarily miscible in all proportions.
This conclusion came out of a theoretical analysis by
Scott,® and it was subsequently experimentally verified by
Molau® and by Locatelli and Riess,? for copolymers of

tPresented in part at the 24th Microsymposium “Copolymers:
Structure and Solution Properties”, Prague, July 1983.
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styrene and acrylonitrile (SAN). With the molar masses
Molau used, a difference in AN content of only 4 mol %
already sufficed to bring about partial miscibility. This
effect, caused by the decrease the entropy of mixing per
unit volume undergoes upon stringing the two types of
repeat units together, is also present if the copolymers are
dissolved in a common solvent. The tolerable difference
in chemical composition is then (understandably) found
to become larger when the dilution is increased.

A similar investigation of solvent-free copolymer mix-
tures was carried out by Kollinsky and Markert,'%!! who
used various acrylic monomers. The tolerable composition
difference proved to depend on the chemical structure and
this finding could later be analyzed thermodynamically on
the basis of Scott’s treatment, if properly amended for the
relative sizes of the monomer units.!?

Whereas solvent-free systems only call for a single pa-
rameter for the interaction between the two types of repeat
units, addition of a solvent (which leads to at least a binary
solution) brings two additional parameters, one for each
of the solvent-segment interactions. It has been tried to
circumvent the complication by the introduction of a single
“effective” interaction parameter which represents a linear
interpolation between the two solvent~homopolymer pa-
rameters, i.e.

&= goa¢a + goﬂ¢/3 (1)

where g is the effective interaction parameter, g,, and g,4
are the solvent-homopolymer interaction parameters (a
and g refer to the two types of repeat units), and ¢, (=1
— ¢y) is the o content of the copolymer. This approach has
been followed inter alia by Lautout-Magat,'>!* Topchiev
et al.,'® and Teramachi et al.167
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